ABSTRACT. The class of rings with projective left socle is shown to be closed under the formation of polynomial and power series extensions, direct products, and matrix rings. It is proved that a ring R has a projective left socle if and only if the right annihilator of every maximal left ideal is of the form ¡R, where / is an idempotent in R. This result is used to establish the closure properties above except for matrix rings. To prove this we characterise the rings of the title by the property of having a faithful module with projective socle, and show that if R has such a module, then so does M"(R).
Introduction.
We recall that a study of rings with projective socle and containing no infinite sets of orthogonal idempotents was make by Gordon [8] . In the same paper he showed that S = Soc rR is projective and essential if and only if S has zero right annihilator. More recently Baccella [4] has provided a number of necessary and sufficient conditions for R to have projective socle, conditions originally given by Manocha [9] when the socle was known to be essential. One such condition is that soc rR is nonsingular. However all these statements explicitly involve the socle. Our characterizations are somewhat different in that they involve either the maximal left ideals of R or modules with projective socles. Theorem 2.4 provides a number of conditions equivalent to the statement that R has a projective socle.
As examples of rings with projective socles we have semiprime rings, nonsingular rings, and PP-rings. It is well known that R is a semiprime ring if and only if R[x] is semiprime. It is an easy consequence of a theorem of Shock [11, Theorem 2.7] that the same holds for nonsingular rings. For PP-rings Armendariz [2] has shown that given a reduced ring R, R is a PP-ring if and only if R[x] is a PP-ring. The same result holds for Baer rings and Burgess [6] remarks in his review of [2] that the Baer ring result is true for R\[x]} whilst for PP-rings it is false. Further, the polynomial results are not true if the restriction to reduced rings is removed. In Theorem 3.1 we show that if R has a projective socle, then so does R[x] (and i? [[a;]] ), but the converse is false.
In the final section we establish Morita invariance. Our proof of this uses an extension of an idea of Amitsur [1] . We call a module a PS-module if it has projective socle. A ring R has projective socle if and only if it has a faithful PSmodule; this is part of Theorem 2.4. If [w s] is a Morita context and M is a left Ä-module, there is a related 5-module M° which inherits some properties from M under mild restrictions on the context and we show in Proposition 4.4 that being a PS-module is such a property. Morita invariance is an easy consequence of this.
Throughout the paper, all rings have a unity and all modules are unitary. Modules are left modules unless otherwise stated and module homomorphisms are written opposite the scalars. The left and right annihilators of a subset X of a ring are written ¿(X) and r(X) respectively. [12] ) is a PS-module because every principal submodule is a projective summand.
4. Every nonsingular module is a PS-module because nonsingular simple modules K are projective. Indeed, if 0 ^ k € K then i{k) is not essential in R so l{k)C\X = 0 for some left ideal X ^ 0. It follows that R = l{k) ® X so K = X is projective. . A ring for which every simple singular module is injective is a PS-ring (these are the GV-rings of Baccella [5] ). In fact if K is a simple left ideal it is either projective or Z(K) = K, in which case it is a summand of R (being injective) and so again is projective. Of course, this shows that V-rings are PS-rings.
5. If /-[J(R)\ = 0 then R is a PS-ring. In fact J{R) Ç L for every maximal left ideal so /-(L) = 0.
The next result will be used to give an example of a (left) PS-ring which is not a right PS-ring.
2.6 LEMMA. Let R and S be rings, let rVs be a bimodule, and consider the ringC=[R0vs}.
(1) // C is a PS-ring then R is a PS-ring. Conversely, if ¿2 is a PS-ring and Lt is a maximal left ideal of ¿2t, take L¿ = ¿2¿ for all i t¿ t. Then JT¿ ¿¿ is a maximal left ideal of ¿2 so /-(L) = /¿2 where f2 = f G ¿2. If / = (/i) it follows that /-(¿t) = /t¿2í, so ¿2t is a PS-ring for each t G ¿. D
We do not know if a subdirect product of PS-rings is again a PS-ring. However, for PS-rings which are also normal (that is, every idempotent is central [7] ) we do have subdirect closure. The next result is needed. in which VW = ¿2 and WV = S, and the aim of this section is to show that being a PS-ring is a Morita invariant, that is if ¿2 and 5 are Morita equivalent and ¿2 is a PS-ring then 5 is also a PS-ring. In fact we establish the following more general result. If R is a PS-ring then S is also a PS-ring. In particular, being a PS-ring is a Morita invariant.
The machinery we use to prove this result has been developed in [10] . In particular X* ^ 0 and so X* is simple. But X* is a submodule of (M°)*, which is isomorphic to (VW)M under 6m, and so X* is projective because M is a PS-module. Furthermore {VW)X* = (VW)[V * X] = V * \{WV)X] =v*x = x* and so (X*)° is projective by Proposition 4.3. But <px ■ X*° -* X is an isomorphism (using condition (b)) and so X is projective. This shows M° is a PS-module and so completes the proof. D
